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Introduction

Geosynthetic Reinforced Soil

• Alternating layers of closely 
spaced (< 30 cm) 
geosynthetic reinforcement 
and compacted granular fill

(Adams et al., 2011)
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Advantages of GRS-IBS

● Fast/cost-effective – eliminate CIP RC abutment walls/footings 
– superstructure can be precast

● Reduced carbon footprint – manufacture of 1 ton of cement 
produces 1 ton CO2

● Can be built in variable weather using common labor, materials 
and equipment 

● Quality compaction control – thin lifts between geosynthetics

● High strength capacity- limit states well understood based on 
numerous large scale load tests
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GRS Mini-Piers

• Large scale load tests of GRS mini-
piers conducted at FHWA’s Turner-
Fairbank Highway Research Center, 
Mclean, VA 

• Faced (CMU) and unfaced mini-
piers

• 19 tests using hydraulic jack and 
load frame

• Various reinforcement spacing, 
geotextile strength, soil type, 
faced vs unfaced

• Load, and vertical and lateral 
deformation monitored

Faced GRS Mini-Pier (Nicks et. al, 2013) Unfaced GRS Mini-Pier (Nicks et. al, 2013)
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Physical Load Tests

● Cost-prohibitive

● Objective – perform numerical load test
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Subloading tij Model Based on Modified Cam Clay

Pros

• First elastoplastic model applicable 
to practical deformation analysis 
of soil that
• Can describe soil behavior during 

shear and consolidation
• Can model compressive behavior 

during strain hardening and dilative 
behavior during strain softening

Cons

• Does not consider effects of 2

• e-log p consolidation curve is 
bilinear instead of curved

• Data shows trace of Hvorslev’s yield 
surface is not planar in principal 
stress space, but rather curved

• Cannot model dilation during strain 
hardening nor strain softening of NC 
clays

• Cannot handle structured behavior 
of sensitive clays

• etc.

Modified Cam Clay model (Burland and Roscoe, 1968):
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Subloading tij - Spatially Mobilized Plane

Instead of looking at stresses on 
octahedral plane, Matsuoka and Nakai 
(1974) proposed:
• Using stresses on a Spatially 

Mobilized Plane (SMP)
• SMP coincides with octahedral plane 

only under isotropic stress conditions 
(Nakai, 2013).

• SMP is influenced by intermediate 
principal stress (2)

• SMP is not normal to hydrostatic axis 

mo23

123

mo13

mo12





O

Matsuoka & Nakai (1974)
I

II

IIIO

A

B

C

1 k 

2 k 

3 k 

o mo1345
2


+

o mo2345
2


+

o mo1245
2


+

1

3

2

n

SMP

𝑡𝑎𝑛  45° + 
𝜙𝑚𝑜𝑖𝑗

2
 =  

1 + sinϕmoij  

1 + sinϕmoij
 =  

σi

σj

 i, j = 1,2,3; i < j  

𝑎1  =   
𝐼3

𝐼2𝜎1
,     𝑎2 =   

𝐼3

𝐼2𝜎2
,    𝑎3 =   

𝐼3

𝐼2𝜎3
 



Page 5

Subloading tij Model 
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Instead of plotting in principal stress space, Nakai and Mihara (1984) plotted in transformed or tij stress space 
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Subloading tij Model 

Subloading tij model is a 
rounded triangle on 
hydrostatic axis

(a) Space 123 (b) Space t1t2t3

(c) View from hydrostatic

axis  1=2=3

(d) View from hydrostatic

axis  t1=t2=t3

(a) Space 123 (b) Space t1t2t3

(c) View from hydrostatic

axis  1=2=3

(d) View from hydrostatic

axis  t1=t2=t3

Subloading tij model in 
1-2-3 space
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5 Elements of a Elastoplastic Constitutive Model

(from 
Lade, 2005)
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Elastic Behavior
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see later
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Failure Criterion
Failure criterion based on SMP  (Matsuoka & Nakai,1974)
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Associated Plasticity: Yield Function = Plastic Potential Function
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for both bonding and density effects
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Formulation of model based on tij  concept
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Hardening Relation
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GRS Column Setup

• 0.99 x 0.99 x 1.94 m 
composite GRS 
column with 
alternating layers of 
granular fill and 
geosynthetic

• Columns have a 2:1 
height-to-width ratio 
to minimize end 
effects

• Faced and un-faced 
columns constructed 
using same procedure 
with un-faced having 
facing removed during 
final step
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Load Testing

Schematics of deflection instrumentation for mini piers (a) with facing and (b) without facing. (Iwamoto, 2014) TF-10 at failure with Sv = 15¼ inches, Tf = 4,800 lb/ft, and VDOT 21A material. (Nicks et al., 2013)
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Staged Construction
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Backfill
Well-graded gravel with silt (GW-GM) from Lucky Stone quarry in 
Leesburg, VA used as base course

Results of standard Proctor test on the aggregate backfill (Nicks et al., 2013)

Maximum dry unit weight, γD = 23.4 kN/m3

Optimum moisture content, ω = 7.7%

12 in. by 12 in. by 8 in. samples

Φ of 53° and c of 1563 psf

Φ of 54° and c of 115 psf 

Comparison of saturated, unsaturated, and fully softened Mohr-Coulomb envelopes. (Iwamoto, 2014)
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Soil Parameters

Normally 
consolidated

Over 
consolidated

Structured clay

Parameter Value

λ 0.0325

Same parameters as modified Cam-
clay model

κ 0.0016

N = eNC at 1 atm 0.364

RCS = (σ1/σ3)CS comp 5

νe 0.2

β 1.155 Shape of yield surface

a 400
Influence of density

ka 10

b 0

Influence of bondingQo = bωo 0

kb 0

emax 0.55 Max. e since p plotted on log scale



Page 47

Isotropic Consolidation
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CD Triaxial Test – Model vs Measured

-1.5%

-1.0%

-0.5%

0.0%

0.5%

1.0%

1.5%

2.0%

2.5%

3.0%

3.5%

0% 2% 4% 6% 8% 10% 12% 14%

 v

1

Volumetric Strain vs Axial Strain

0

20

40

60

80

100

120

140

0% 2% 4% 6% 8% 10% 12% 14%

 d
(p

si)

1

Deviator Stress vs Axial Strain

Measured 5 psi
Measured 10 psi
Measured 30 psi
Calculated Mod. Cam-Clay 5 psi
Calculated Mod. Cam-clay 10 psi
Calculated Mod. Cam-clay 30 psi

0

20

40

60

80

100

120

140

0% 2% 4% 6% 8% 10% 12% 14%


d

(p
si

)

1

Deviator Stress vs Axial Strain

Calculated tij 5 psi
Calculated tij 10 psi
Calculated tij 30 psi
Measured 5 psi
Measured 10 psi
Measured 30 psi

-1.5%

-1.0%

-0.5%

0.0%

0.5%

1.0%

1.5%

2.0%

2.5%

3.0%

3.5%

0% 2% 4% 6% 8% 10% 12% 14%

 v

1

Volumetric Strain vs Axial Strain



Page 24

Parameter Optimization - ML

Traditional Methods (in order of Reliability):

• Analytical Derivation

• Literature Values (interface properties)

• Manual Iteration

Subloading tij Parameter Optimization:

• Subloading tij_a.exe (Para, Path, and Ana.cal files)

• Manual Iteration

• Limitations/Constraints

Potential path forward:

• Machine Learning based optimization

• Inverse Problem (Zhang et al., 2021)

• Genetic Algorithms

• Pal et al. (1996), Samarajiva et al. (2005), and Rokonuzzaman and Sakai (2010)

• Bayesian Inference

• Sakai and Nakano (2025), Coelho et al. (2024)
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Machine Learning Framework

Θ is the set of model parameters

 α is the set of nuisance parameters

 D is the set of observations

 𝑝 Θ, 𝛼  is the prior distribution

 𝑝 D|Θ, 𝛼  is the likelihood function computed for any particular value of (Θi, αi)

 Z = p(D) is the normalization and is independent of Θ and α 

𝑝 Θ, 𝛼|𝐷 =
1

𝑍
𝑝 Θ, 𝛼 𝑝 D|Θ, 𝛼

Bayesian Inference and Maximum-Likelihood approach
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Machine Learning Framework
Markov chain Monte Carlo (MCMC) optimization for multi-variable optimization problems 

(Foreman-Mackey et al., 2013):

• Bayesian inference, computing and utilizing the posterior probability density function (PDF) 

for the model parameters

• Markov Chain - next step (set of sampling locations in the posterior probability) depends on 

previous set

• Monte Carlo - the approximation of the probability density functions is based on a Monte 

Carlo approach

Approximate posterior PDF efficiently despite parameter spaces with high dimensionality.

“emcee” algorithm as its affine invariance results in performance independent of highly 

anisotropic posterior PDFs (Goodman & Weare, 2010)

Basis of emcee algorithm is the Metropolis-Hastings (M-H) algorithm with an affine 

invariant process

Compute N samples (steps) {Θi} from the posterior PDF (Foreman-Mackey et al., 2013)
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Machine Learning Framework

𝑋𝑘 𝑡 → 𝑌 =  𝑋𝑗 + 𝑍 𝑋𝑘 𝑡 − 𝑋𝑗  

where Z is a random variable drawn from g(Z = z).

𝑔 𝑧−1 = 𝑧𝑔 𝑧  

𝑔 𝑧 ∝ ൝
1

𝑧
 if 𝑧 ∈

1

𝑎
, 𝑎

0 otherwise 
where a > 1 (often set to 2).

Acceptance probability q:

𝑞 =  min 1,  𝑍𝑁−1
𝑝 𝑌

𝑝 𝑋𝑘 𝑡

• emcee algorithm generates a random walk in the parameter space, X(ti) 

= [Θi, αi] depending only on previous step X(ti-1). 

• Affine-invariance means use of a simultaneously evolving ensemble of 

K “walkers”, S = {Xk}. 

• Proposed parameter distribution for the kth walker is based on the 

current positions of the K – 1 walkers in ensemble S[k] = {Xj, ꓯj ≠ k}.

• Position of walker Xk is updated by drawing random walker Xj from the 

ensemble S[k] (Goodman & Weare, 2010).

where r is a random sample from a uniform distribution r ~ U[0, 1]

and Y is updated walker position

if 𝑟 ≤ 𝑞 then  

𝑋𝑘 𝑡 + 1  ← 𝑌  

else 

𝑋𝑘 𝑡 + 1  ←  𝑋𝑘 𝑡   

endif   
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Parameters from Machine Learning but….

The magnitude problem and proposed weighting schema:

1

𝑤𝑖
= 0.01 +

𝑥𝑖 − min 𝑥

max 𝑥 − min 𝑥

1. Min-max normalization scheme:

2.

3.
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Parameters from Machine Learning
Parameter Value Description 

N 0.3576 
Void ratio at reference pressure 

(1 atm) 

λ 0.0207 
Virgin compression index (slope 

of NC line) 

β 1.0515 Yield function shape parameter 

a 103.32 Density function parameter 

ka 1.0 
Shear control parameter for 

density function 

Rcs 5.0852 
Principal stress ratio at critical 

state in triaxial compression 
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Parameters from Machine Learning but….
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Parameter Results
Metric R2 R CoV SRS Cv SRS/CoV 

q (σ3 = 5 psi) 0.87149 0.93353 13.2681 776.467 0.16267 58.5215 

q (σ3 = 10 psi) 0.97273 0.98627 41.5877 1930.47 0.15394 46.4191 

q (σ3 = 30 psi) 0.96990 0.98483 667.609 37600.4 0.25723 56.3210 

εv (σ3 = 5 psi) 0.91773 0.95798 1.12E-05 8.19E-04 -0.77546 73.1438 

εv (σ3 = 10 psi) 0.11306 0.33625 3.22E-05 67.7767 1.26982 2104572 

εv (σ3 = 30 psi) 0.96699 0.98335 1.09E-05 2.26E-04 0.26772 20.6589 

e 0.90187 0.94967 1.32E-05 0.10652 0.01109 8082.67 

Average 0.82695 0.88519     

Average (w/o εv 

[σ3 = 10 psi]) 

0.92894 0.96362     
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Parameter Results

Plot validates selection of MCMC approach
and future attempts have to account for modal
parameter variability
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Parameters from Machine Learning
Parameter Value Description 

N 0.3576 
Void ratio at reference pressure 

(1 atm) 

λ 0.0207 
Virgin compression index (slope 

of NC line) 

β 1.0515 Yield function shape parameter 

a 103.32 Density function parameter 

ka 1.0 
Shear control parameter for 

density function 

Rcs 5.0852 
Principal stress ratio at critical 

state in triaxial compression 
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Parameters from Machine Learning but….
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Geotextile Parameters

• Biaxial, woven polypropylene Propex Geotex 4X4HF geotextile
• Ideally want geotextile strength to decay after yield
• Geotextile modeled as biaxial, bilinear elastoplastic

Geotextile wide width tensile force vs axial strain 

Aggregate Backfill 

Parameter Value Units 

λ 0.0207 - 

κ 0.0016 - 

Rcs 5.0852 - 

N 0.3576 - 

β 1.0515 - 

a 103.32 - 

ka 1.0 - 

ν 0.2 - 

emax 0.551 - 

CMU Facing 

Parameter Value Unit 

γ 12.51 kN/m3 

Eref 21.3 GPa 

ϕ  0 ° 

ψ  0 ° 

cref 10.1 MPa 

𝒇𝒕
′  2,652 kPa 

Geotextiles 

Parameter Value Unit 

EA1 876 kN/m 

EA2 701 kN/m 

Tf 70.05 kN/m 

Interface (Geotextile-Soil) 

Parameter Value Unit 

kn 100.0 * 106 kN/m3 

ks 9.09 * 106 kN/m3 

ν 0 - 

ϕ  40 ° 

ψ  0 ° 

cref 0 kPa 

Interface (Footing-Soil) 

Parameter Value Unit 

kn 100.0 * 106 kN/m3 

ks 9.09 * 106 kN/m3 

ν 0 - 

ϕ  44 ° 

ψ  0 ° 

cref 0 kPa 
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Interface Elements

Aggregate Backfill 

Parameter Value Units 

λ 0.0207 - 

κ 0.0016 - 

Rcs 5.0852 - 

N 0.3576 - 

β 1.0515 - 

a 103.32 - 

ka 1.0 - 

ν 0.2 - 

emax 0.551 - 

CMU Facing 

Parameter Value Unit 

γ 12.51 kN/m3 

Eref 21.3 GPa 

ϕ  0 ° 

ψ  0 ° 

cref 10.1 MPa 

𝒇𝒕
′  2,652 kPa 

Geotextiles 

Parameter Value Unit 

EA1 876 kN/m 

EA2 701 kN/m 

Tf 70.05 kN/m 

Interface (Geotextile-Soil) 

Parameter Value Unit 

kn 100.0 * 106 kN/m3 

ks 9.09 * 106 kN/m3 

ν 0 - 

ϕ  40 ° 

ψ  0 ° 

cref 0 kPa 

Interface (Footing-Soil) 

Parameter Value Unit 

kn 100.0 * 106 kN/m3 

ks 9.09 * 106 kN/m3 

ν 0 - 

ϕ  44 ° 

ψ  0 ° 

cref 0 kPa 

 Idealized interface behavior (Nakai T. , 2013)          Geo-Research Institute (2022)
Idealized interface behavior (Nakai T. , 2013)
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Modelling of TF10 and TF7

TF10                            TF7
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Modelling of TF10
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Load-settlement

GRS Pier R2 R CoV SRS Cv SRS/CoV 

TF - 7 0.96413 0.98190 150905 1.73E+05 0.883934 1.145405 

TF - 10 0.99046 0.99522 16753 3.72E+04 0.720752 2.22 

Average  0.97730 0.98856     
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Lateral Deformation TF7
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Lateral Deformation TF10
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Geotextile Force Distribution in TF7

N1 (in-plane force, kN/m)                                          Q12 (in-plane shear, kN/m) - Right
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Deviatoric Strain, s, Distribution in TF7

YZ cross-section     XZ cross-section
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Geotextile Force Distribution in TF10

N1 (in-plane force, kN/m)                                          Q12 (in-plane shear, kN/m) - Right
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Deviatoric Strain, s, Distribution in TF10

XZ cross-section     YZ cross-section
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Summary and Conclusions

• Using machine learning, optimization of parameters should be 
performed for both triaxial compression and consolidation tests with 
appropriate weighting for each

• Combined FEM with DEM may be necessary to consider spalling of soil 
in unfaced GRS columns

• Beginnings of shear planes can be seen in deviatoric strain plots despite 
use of associated plasticity in Subloading tij model

• Stress development primarily occurred in the central geotextile 
reinforcement layers
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Load Testing

Schematics of deflection instrumentation for mini piers (a) with facing and (b) without facing. (Iwamoto, 2014) TF-10 at failure with Sv = 15¼ inches, Tf = 4,800 lb/ft, and VDOT 21A material. (Nicks et al., 2013)
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